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Skew embeddings are introduced by Ghomi and Tabachnikov in [7]. They are 
C-H , naturally related to classical problems in topology, such as the generalized vector 

field problem and the immersion problem for real projective spaces. In recent 
paper pQ, totaly skew embeddings are studied by using the topological obstruc- 
i-Q , tion theory. In the same paper it is conjectured that for every n-dimensional, 

jrt ' compact smooth manifold M" (n > 1), 

Af(M") < 4n - 2a(n) + 1, 



where N{AI") is defined as the smallest dimension A*' such that there exists a 
totally skew embedding of a smooth manifold M" in K^. 

We prove that for every n, there is a quasitoric manifold Q^" for which the 
orbit space of T" action is a cube /" and 



> 

ON. N{Q^")>8n-Aa{n) + l. 

l' ' Using the combinatorial properties of cohomology ring H''{Q^", 7,2), we con- 

^— V I struct an interesting general non-trivial example different from known example 

jf\ . of the product of complex projective spaces. 



1 Introduction 

The studying of skew embeddings was started by Ghomi and Tabachnikov in [7.. 
Recall, that two lines in an affine space M^ are called skew if they are neither parallel 
nor have a point in common or equivalently if their affine span has dimension 3. More 
generally, affine subspaces Ui, . . . ,Ui of R^ are called skew if their affine span has 
dimension dim(C/i) + • ■ • + dini{Ui) + / — 1, in particular a pair U, V of affine subspaces 
of R^ is skew if and only if each two lines p C U and q C V are skew. An embedding 
/ : Af " — )► M.^ of a smooth manifold is called totally skew if for each two distinct 
points x,y G M" the affine subspaces df{TxM) and df(TyM) of K.''^ are skew. Define 
N{M") as the smallest N such that there exists a totally skew embedding of Af" into 

Ghomi and Tabachnikov established a surprising connection of N{M'^) with some 
classical invariants of geometry and topology. For example they showed fT, Theo- 
rem 1.4] that the problem of estimating A^(R") is intimately related to the general- 
ized vector field problem and the immersion problem for real projective spaces, as 
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exemplified by the inequality 

iV(M") >r{n)+n 

where r{n) is the minimum r such that the Whitney sum r^„_i of r copies of the 
canonical line bundle over KP"~^ admits n + 1 linearly independent continuous cross- 
sections. 

Another example {\T, Theorem 1.2]) is the inequality 

iV(S'") <n + m(7i) + l 

where m(n) is an equally well-known function defined as the smallest m such that 
there exists a non-singular, symmetric bilinear form B : R"+^ x R"+^ — > R™. As a 
consequence they deduced the inequalities N{S^) < 3n + 2 and 
^(5.2fc+i) <3(2fc + l) + l. 

Up to our knowledge, the exact values of N{Ar'-) are known only for A^(R^) = 3, 
N{S^) = 4 and A^(R^) — 6. General upper and lower bounds are given by Ghomi and 
Tabachnikov inequality 

2n + 2<N{M'')<4n + l. (1) 

In the papers |10| . |11| and |12| some more general conditions with multiple regu- 
larity are studied. 

In the paper [1], slightly different approach to the invariant N{M^) is used. Using 
the topological obstruction theory the lover bound is improved for various classes of 
manifolds, such as projective spaces (both real and complex), products of projective 
spaces, Grassmannians, etc. Stiefel- Whitney classes are obstructions to totaly skew 
embeddings and it is shown [1, Proposition 1.] and jl] Corollary 4.] 

Theorem 1.1. If k :— max{i | Wi{M) ^ 0} then 

N{M) >2n + 2k + l. 
In the same paper, some evidence in favor the conjecture [1, Conjecture 20.] 

iV(M") < An - 2a{n) + 1, 

for compact smooth manifold A/" (n > 1), where a(n) is the number of non-zero 
digits in the binary representation of n. R. Cohen [4J in 1985 resolved positively the 
famous Immersion Conjecture, predicted that any compact smooth n-manifold for 
n > 1 can be immersed in R2ri-Q(n)^ 

Quasitoric manifolds are a class of manifolds with well understood cohomology 
ring which is determined by Davis- Januszkiewicz formula [BJ Theorem 4.14, Corollary 
6.8]. Other topological invariants could be computed from the formula, and we are 
particulary interested in Stiefel- Whitney clases. In monography [3 by Buchstaber 
and Panov there is a nice exposition on quasitoric manifolds and its combinatorial 
and geometrical properties. 

Let P be a simple polytope of dimension n with m facets and M a quasitoric 
manifold of dimension 2n over P. Let Vj {degVj — 2, j — 1, . . . , m) be Poincarc dual of 
codimension two invariant submanifold Mj in M^", thus to each facet Fj we assign Vj 
because the image of the characteristic submanifold Mj of the orbit projection M ^ P 



is the facet Fj. The equivariant cohomology ring H^,^{M;Z) = H*{ET Xt" M) of 
M has the following ring structure: 

i/^„(M;Z)^Z[«i,...,i;„]/I, 

where I is the Stanley-Reisner (the face) ideal of polytope P in the polynomial ring 

Z[wi,. . .,Vm]- 

Let TT : ET Xt M -^ BT be the natural projection. The induced honiomorphisni 

TT* -.H^BT) = Z[ti,...,i„] -^H*{ET Xt^ M) =iJ^„(M;Z) 

could be described by a n x to matrix A — (Ai,...,Am), where \j G 1/^ { j = 
1, . . . , 771 ) corresponds to the generator of Lie algebra isotropy subgroup of charac- 
teristic submanifold Mj. The matrix A is called characteristic matrix of M. Put 
Xj = (Aij, . . . , XnjY G Z". Then we have 

m 

and let Jj be the ideal in Z[i'i, . . . , «„] generated by 7r*(ti) for all i = 1, . . . , n. The 
ordinary cohomology of quasitoric manifolds has the following ring structure: 

H*{M)c^Z[vu...,Vm]/{I + J). 

The Stiefel- Whitney class can be described by the following Davis- Januszkiewicz for- 
mula: 

m 
i=l 

where i is the inclusion i : M ^ ET x^ M and i* is the induced homomorphism. 

In Section 2 we describe one special quasitoric manifold M/ over cube /" by matrix 
Am/- We describe its cohomology ring and calculate the Stiefel- Whitney class. 

Section 3 is devoted to calculation of the Stiefel- Whitney class of normal bundle 
using the smart manipulations of binomial coefficients in cohomology ring (with Z2 
coefficients) . We calculate the obstruction to totally skew embedding of manifold Mi 
and get the main result of the paper. 

2 Quasitoric manifold over cube 
2.1 Matrix Amj and cube /" 

A quasitoric manifold M is described by two key objects: its orbit polytope P and the 
characteristic matrix A. Two quasitoric manifolds over the same polytope, but with 
distinct characteristic matrices are different, with non-isomorphic cohomology rings. 
Although, polytope P with its combinatorics gives a lot of informations on manifold 
itself, the characteristic matrix A is necessary to understand important topological 
invariants of the quasitoric manifold. 

Let A be the integer matrix (n x to,) matrix whose i-th column is formed by the 
coordinates of the facet vector Xi, i ~ I, . . . ,m. Every vertex v G P" is an intersection 



of n facets: v = Fi^ n ■ • • n F,,^. Let A(^,) :— A(ij j^) be the maximal minor of A 
formed by the colmnns ii, . . . , i„. Then 

|detA| = 1. 

In other words, to every facet Fi there is an assigned vector Ai = (Aii, . . . , A„i)* G Z" 
in such way that for every vertex v = Fi-^ n • • • n Fi^ vectors Ai^ , . . . , A^j^ are basis of 
lattice Z" (see Figure [TJ 




Figure 1: Quasitoric manifold over polytope 

In case when P is a rational polytope and Ai -L Fi, for every i — 1, . . . ^m manifold 
M is a toric variety (see Figure [5)) • 




Figure 2: Toric variety 

In monograph [3", Construction 5.12] is described a construction of quasitoric man- 
ifold from characteristic pair (P",?) that is from a combinatorial polytope P and 
matrix A. 



Let /" be a cube and Af/n a quasitoric manifold over /". Cube has 2n facets Pi, 
. . . , P„, P{, . . . , P^ such that Fi n P/ = for every i — 1, . . . , n. Let vi, . . . , u„, wi, 
. . . , u„ be Poincare duals to characteristic submanifolds over the facets Pi, . . . , P„, 
P{, . . . , P^ respectively. Then Stanley-Reisner ideal is generated by 

1= {i;iUi,U2U2,...,W„U„}. 

We study special quasitoric manifold Af/n over the cube, such that vector \j as- 
signed to the facet Fj (or the generators of Lie algebra isotropy subgroup of character- 
istic submanifold Mj) is \j ~ (0, . . . , 0, 1, 0, . . . , 0)* for every j = 1, . . . ,n and vector 



Xj+n assigned to the facet F' is \n+j = (1, . . . , 1,, 0, . . . , 0)* for every j = 1, . . 



Then we have: 
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Ideal J in Z[ui, . . . , u„, ui, . . . , u„] is generated by linear forms 



Vl + Ml, 
V2 + Ml 



V„ 



Ui 



U2, 
U2 



2.2 Cohomology ring H*(Mj) and Stiefel- Whitney class aj(M/) 
Cohoniology ring H*{Mi) is determined using Davis-Januszkiewicz theorem: 
Proposition 2.1. Cohomology ring H*{Mi]'L) is isomorphic to 

H*{Mi;Z) c^Z[ui,...,Un]/T 

where J- is ideal in polynomial ring Z['Ui, . . . , m„] (such that degui — ■ ■ ■ ^ dcgM„ = 2) 
generated by quadratic forms 

T = {«!, ul + UiU2, . . . ,Un+ UiUn + U2U„ H h M„_iM„}. 

It is easy to show the following relations in H*{Mi; Z): 
Proposition 2.2. For every i — 1, . . . ,n holds 

ul^O and u*+i = 0. 
Proposition 2.3. For every i ^ 2, . . . ,n holds 

(1 + Ui){l + Vi) = 1 + Ul ^ h Ui_l 

By Universal Coefficient Theorem we obtain that 

if*(M/; Z2)~Z2[wi,...,«„]/.F 



where T is ideal in polynomial ring Z2['Ui, . . . , m„] (such that dcgui = • • 
2) generated by quadratic forms 

J" = {ul, ul + U1U2, . . . ,u1+ UiUn + U2Un H h M„-lM„}. 



degu^ 



Stiefel- Whitney class is the characteristic class in cohomology with Z2 coefficients. 
By Davis-Januszkiewicz formula Stiefel- Whitney class of M/ is given by 



Uj{Mi) = (1 + Ul) • • • (1 + M„)(l +Vi)---{1+ Vn), 



but by using Propositions 12.11 and 12.31 it is easily reduced to 

uj{Mi) = (1 + wi)(l + Ml + ua) ■ ■ • (1 + wi + ■ ■ • + u„_i). 

For the purposes of the main theorem, we are going to use another form of coho- 
mology ring H*{Mj-, Z2). If we choose another generators ii, . . . , i„ such that 



tl 


= 


Ml, 








t2 


— 


Ml 


+ 


U2, 




tn 


+ 


Ml 


+ 


U2 


+ ■■ 



we get that 

H*{Mi;Z2)c^Z2[ti,...,t^]/g 

where Q is ideal in polynomial ring Z2[ti, . . . , t„] (such that degii = . . . = degt„ = 2) 
generated by quadratic forms 

Q — {^1,^2 + ^1^2, • ■ • :i„ + tn-ltn}- 

Consequently, total Stiefel- Whitney class is given by 

w(M/) = (l + ii)---(l + t„_i). 
It is nod hard to check that the following is true in H*{AIj;Z2): 
Proposition 2.4. For every i — 1, . . . ,n holds 

tl = tit2 ■■■U^O and i*+^ = 0. 

3 Topological obstructions to totally skew embed- 
dings of manifold Mj 

3.1 Stiefel- Whitney class cJ(Mj) of normal bundle 

For the purposes of the main theorem, we are interested in characteristic classes uj{Mj) 
of the normal bundle. Stiefel- Whitney classes ^(M/) and Zj{Mi) are related to each 
other by equality 

uj{Mi) ■uj{Mi) = 1. 

In the previous section the Stiefel- Whitney classes a;(Af/) is determined. So, by 
Proposition 12. 4i it holds: 

Lemma 3.1. Total Stiefel- Whitney class uj[Aii) of the normal bundle is given by: 

u{Mi) = (1 + ti){l +t2 + tl)---{l+ tn-i + ■■■+ tlzl). 

Since Zd2i{Mi) = when i > n, it is far from obvious what is u]{Mi) in cohomology 
ring H*{Mi; Z2). For small n, we could calculate uJ{Mi) by hand: 

Exercise 1. 1. uJ(M/2) = 1 + ti, 

2. uJiMi3) = l + {ti+t2), 



3. Lj{Mii) = 1 + (<i + f2 + ^3) + ^1^3 + ^1^2*3, 

4. aj(Af/5) = l + {ti+t2+h+ t4) + {tlh + tlU + t2U) + {tlt2h + t2Uti). 

By Lemma l3.ll for total Stiefel- Whitney classes of ZU(A//n) and ZU(Af/Ti+i) the 



following recurrence relation holds (in i/*(A//re+i; Z2)): 

aJ(Mp.+i) = u]{Mp.){l + t„ + • • • + C), 
or more explicitly 

W2fe(M/„+i) = Zd2k{Mi^) + t„ZU2fe-2(Af/-.) + • • ■ + t^for allfc = 0, . 
and 



1 



W2n(M/.+ l) = i„aJ2n-2(Af/") + ' • ' + t". 

Define numbers a^^ for all positive integers n and 0<A:<n— las follows 
fe _ j 1 if the total number of the distinct monomials in Zj2k (Af/>i ) is odd 



elsewhere 
SobyElandSlit holds 

for every k — 1, . . . , n - 



o'n+i = 2J ^" 



(2) 

(3) 

(4) 

(5) 
(6) 



1 and 



'n+l 



'n+1- 



Let us write the first n rows of numbers cr„ for A; = 0, 

1 

1 1 

1 

1111 

10 10 

110 

10 

11111111 



10 



The previous sequence is closely related to the following sequence of binomial 
coefficients i^X'^): 

m 

m 4 

m 6 

8 

m 



15 




35 






21 56 70 


(D (D (4") 


(D 




(^3") 




i'l) 


(^2°) 




(^2^) 




C!) 



(ii\ 



{\') 




{\') 






C!) 




{\') 




{\') 



(mod 2). 



Easy mathematical induction shows that: 
Lemma 3.2. 

By previous Lemma, in the case when n = 2'' we have 

Obviously, by the definition of a^-^ if a^^ = 1 then 

Thus, we have: 

Theorem 3.1. If n — T' is a power of two then 

i02n-^2(Ml^) = tit2 ■ ■ -tn-l ^ 0. 

Corollary 3.1. Forn = T" , quasitoric manifold Mjn cannot be totally skew embedded 

in R^ when N is less than 

8n-3 = 4-dimM/. -3. 

3.2 Topological obstructions when n is not a power of 2 

Theorem l3.1l is the sharpest possible result that one could obtain using Stiefel- Whitney 
classes for quasitoric manifolds. However, when n is not a power of 2 the previously 
constructed quasitoric manifold Mi^ in general does not achieve the maximal possible 
value k for which Stiefel- Whitney class iJ2k{Min) ^ 0. 

This problem could be overcome using the results from the previous part. 

2 

Let n — 2'"i + 2'' + • ■ • + 2''* , ri > 7-2 > • • • > rt > be the binary repre- 
sentation of n and let m^ = 2^' for i — 1, . . . , t. Divide the facets of a cube 
/„ into t groups Ai, •••, At in such way that the opposite facets belong to the 
same group and \Aj\ ~ 2m j for j ~ 1, ..., t. For every j — 1, ..., i, denote 

the facets from Aj with F^ and F^ (the opposite facets), i = 1, ..., nij. We 
are going to construct new quasitoric manifold Q^" over cube by defining a new 
characteristic matrix A. Let A^''^ = ( 0, ...,0, 1, 0, ...,0 )* € Z" and 

(i:r'™=)+(»-i) »-(Er'™=)-' 

K+n = ( 0, . . . , !,...,!, 0, . . . , )* G Z" be the vectors assigned to the facets 

F^' and F'^' respectively. Let vi''' and uf be Poincare duals to the characteris- 
tic submanifolds over the facets F^ and F^ respectively, for all facets. Then the 
characteristic matrix A is: 



A = 



/„ 



[0] 
[0] 



1 1 ... 1 

1 1 ... 
1 ... 

[0] 



1 1 
1 1 

1 



[0] 
[0] 



mi xmi 

So by Davis-Januszkiewicz theorem we get: 
Theorem 3.2. • Cohomology ring H*{Q]'L) is isomorphic to 

H*{Q;Z) ^ Z[uW, . . . ,mW, . . .,ul^\]/T 

where T is ideal in polynomial ring "L^a^ , . . . , Um{ , • • • , WmJ (such that dcgu^"* — 
2 for all j and i) generated by quadratic forms 

T = {^, v^+^^, . . . ,^,W^^W)^(,) +^W^(i)+. . .+u«_,u« \2 E [t]}. 

• Cohomology ring H*{Q;'Z2) is isomorphic to 

where Q is ideal in polynomial ring Z2 [u^ , . . . , Umi , ■ ■ ■ , UmJ (such that degM^"* = 
2 for all j and i) generated by quadratic forms 

g = {u!^'\v!i^\v!fv!i^, . . . ,uW%t.(^\(;i)+4^)<^+. . ■+^.l;',;._i<.|j G [t]}. 

• Total Stief el- Whitney class Ld{Q) is given by 



In the same fashion as in the previous section we choose new generators t{ 
such that 

where Q is ideal in polynomial ring Z2 [t^ 
degt„ = 2) generated by quadratic forms 



(1) 



.(1) 



,(*) 



, • • • , i-mi , • • • , i-mt 



■ , (-mi , ■ 



tint] (such that degii 



e-{t^'',t^'Vt«t«,...,t«%tH!-ltH)|,E[t]}. 



Consequently, total Stiefel- Whitney class is given by 



Thus, the corresponding dual Stiefel- Whitney class is given by 

But, according Theorem 13. II we have: 

So we proved that the highest nontrivial dual Stiefel- Whitney class is 
n in\ - /(I) /(I) /(2) ,(t) 

where a(n) is the number of non-zero digits in the binary representation of n 
As corollary we obtain: 

Theorem 3.3 (Main theorem). For every positive integer n there is a quasitoric 
manifold over cube J" such that 

N{Q) > 8n-4a(n) + l. 

Remark. Similar result cannot be obtained in the class of toric varieties from a 
cube because Stiefel- Whitney class is trivial in that case. 
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